Coupled Nonlinear Schrödinger equations, linked by cross modulation terms, arise in both nonlinear optics and in Rossby waves in the atmosphere and ocean. In this paper, we derive exact, analytic solutions for the "bright" coupled-mode soliton, for which the envelope in each mode asymptotes to zero at spatial infinity, and for its spatially periodic generalization. We then numerically study the collisions of the coupled-mode solitary wave both with a conventional envelope soliton, confined to a single mode, and also with a second coupled-mode solitary wave. The collisions are sensitive to both the relative speed and phase of the solitons. In some parameter ranges, the collisions are nearly elastic, but in others, one or both solitons fission.
Introduction
The Nonlinear Schrödinger (NLS) equation has been derived as a model for weakly nonlinear wave packets in a wide variety of physical systems by means of the perturbative algorithm known as the method of multiple scales. When linear wave theory allows for more than one mode, then one may derive independent Nonlinear Schrödinger equations for wave packets in each mode. In the small amplitude expansion, different modes do not interact to lowest order. However, when there are resonances, that is, when the linear phase speeds are approximately equal for waves in different modes, then the nonlinear interaction between the resonant modes is amplified. Two independent NLS equations must then be replaced by a coupled pair of equations which have the form
where A 1 and A 2 are the complex amplitudes or "envelopes" of the two wave packets, respectively. We shall dub this the "Coupled-Nonlinear Schrödinger (CNLS)" system. In the language of the method of multiple scales, T is the slow time and X is the slow space variable moving at the linear group velocity. The coefficients α 1 and α 2 are the so-called "dispersion coefficients", σ 1 and σ 2 are the "Landau constants" describing the self-modulation of the wave packets, and ν 12 and ν 21 are the "coupling constants" of the cross-modulation between the two wave packets. The complete wave disturbance is the product of each envelope with the appropriate sinusoidal "carrier wave" and a mode factor that describes the dependence of the packet on the spatial coordinates y and z; the packet propagates only in the x-direction. The dispersion, Landau and coupling constants are functions of the wavenumber of the carrier wave, the modal structure, and parameters of the wave medium.
Tan and Liu [14] have derived this system for marginally unstable baroclinic waves in a two-layer atmospheric model. The different "modes" of the CNLS system are the two vertical eigenfunctions of the two-layer model. Tan [13] derived this same system for Rossby waves in a barotropic model of the atmosphere. In this case, the interacting wave packets are in different latitudinal modes. In this work, we shall not discuss the derivation of Eq. 15 further, but instead restrict ourselves to understanding the dynamics of the CNLS system itself. However, the numerical values of the dispersion, Landau and coupling constants will be taken from those two papers of the senior author's.
The coupled-NLS has also been extensively studied in nonlinear optics [9, 22, 15, 10, 16, 11, 8] [ 1,7,21,17-20,?,?] . However, for birefringent fibers, there are connections between the dispersion, nonlinear and coupling constants. After the number of coefficients has been reduced by rescaling the space and time coordinates and the amplitudes, only a single parameter remains. In contrast, in the geophysical applications that motivated our work, there are no simple relation between the coefficients, and even after rescaling, three coefficients different from one remain. It follows that while we can borrow many ideas from this large body of previous work on the coupled-NLS, the extra parameters in the geophysical applications require us to also pursue previously unexplored realms of parameter space.
In the next section, we describe the scaling of the coupled-NLS (CNLS) system. We can significantly reduce the number of parameters, but are still left with too many to completely explore the parameter space. We also give the coupled system of two ODEs, which we shall dub the Steadily-oscillating CoupledNonlinear Schrödinger (SCNLS) system, and its scaling. This, alas, has three parameters left after changing the unknowns and coordinates: a nondimensional frequency ratio plus two rescaled cross-modulation coefficients.
Sec. 3 reviews the single-mode solitary waves (those of the ordinary NLS equation) and three classes of coupled-mode solitons. All have been known before, but we generalize these to more parameters and, for the most important family, also extend it from the soliton to spatially periodic elliptic functions.
In the next two sections, we describe collisions of coupled-mode solitons with either solitary waves residing in a single mode only or with other coupled-mode solitary waves. 
Scaling Analysis and Galilean Invariance
where the subscripts denote differentiation with respect to the subscripted variables and where the new unknowns and coefficients are
Proof: Change of unknowns and coordinates in the original, unscaled equation.
The steadily-oscillating solutions of this are solitons and their spatially periodical generalizations, which we shall call "cnoidal" waves even when not described by elliptic functions. Solitons and cnoidal waves are obtained by assuming
where µ, β and u, v are assumed to be real. Note that in spite of the crossmodulation, the frequencies in the two modes are generally different. Substitution gives a set of two coupled ODEs: 
where the new unknowns and coefficients are
To compute the solitary and cnoidal waves, it is always sufficient to solve this system of two ODEs. However, to collide solitary waves, it is necessary to shift the steadily-oscillating solitary waves into a frame of reference such that they move at some translational velocity V . The following theorem, which applies directly to all solutions, solitary or not, of the time-dependent CNLS equations, allows us to do this.
Theorem 3 (Galilean
then another solution is
where the velocity V is
which implies that the constants ξ 1 and ξ 2 must be proportional as indicated.
Proof. Substitution into the CNLS system.
Solitary and Cnoidal Waves
The system of two ordinary differential equations in two real-valued unknowns which describes solitary and cnoidal waves, Eqs. (8), has a wide variety of solutions. Most can be computed only by numerical methods, but a number of special cases can be described by explicit, analytical exact solutions or approximations. These analytical special cases are important because they are initial points for computing solution branches through numerical continuation.
Single-Mode Solitons
If either u ≡ 0 or v ≡ 0, then the cross-modulation is zero and the ODE for the non-zero component is identical to the steadily-oscillation form of the usual Nonlinear Schrödinger (NLS) equation. It is solved by the usual NLS soliton:
or for a soliton in the v-mode:
We shall refer to either of these cases as a "single-mode" soliton. We shall label the three classes of solitary waves in the next three sections as "coupledmode" solitons because they have non-zero amplitude in both A 1 and A 2 . In the nonlinear optics literature, these are sometimes called "symbiotic" solitary waves or more often "vector" solitons.
Equal-Frequency Solitary and Cnoidal Waves
Set β = µ and define
where w(x; c) is a solution to
Substituting into the ODE system and collecting terms in w 3 and imposing the condition that the coefficients must equal 2 gives the 2 × 2 matrix system:
The solution is
Solutions to the equation for w are given in Appendix D, Sec. D.2.2 on pgs. 498-499 of [4] and in many standard texts on elliptic functions. Both cnoidal and dnoidal periodic solutions exist. The limiting solitary waves for both branches are
Father-Daughter Approximations
The key assumptions are (i) max |v| << max |u| and (ii) u is a single mode solitary wave, i. e.,
Because of the assumed smallness of v, the self-interaction of v can be neglected, which simplifies the second ODE to
The change of coordinate
the introduction of the frequency ratio ≡ β/µ (as in Eq.12) and a parameter ρ defined by
transforms Eq. (27) into the equation solved by the Associated Legendre functions:
The eigenmodes of this homogeneous linear equation are
where the frequency ratio is forced to satisfy the following:
where the mode number j is always a non-negative integer and where j max is the largest integer such that > 0.
Yang(1997, pg. 96) gives the lowest three modes:
However, only the lowest mode exists if ρ < 1.
As the frequency ratio is varied from one of the eigenvalues specified by Eq.(32), v grows to finite amplitude and gradually changes its shape. Yang [19] has computed the first order corrections to these Legendre modes, but numerical methods are needed to accurately trace the full solution branch emerging from these "father-daughter" solutions. The u soliton is the "father"; the infinitesimal amplitude v, solving the Associated Legendre equation, is the "daughter".
Multiple-Scale Compositions
When β << µ, there is another branch of solitons in which u is very narrow (with width O(1/µ) ∼ O(1)) whereas v consists of two sech-shaped peaks which are very broad O(1/β). Without cross-modulation, the ODE for v reduces to the ordinary NLS equation, which does not have any two-humped solitary waves. The narrow spike in u acts as a "glue" to modify v between the two peaks so that a solitary wave with two peaks is possible. Akhmediev and Ankiewicz [2] and Haelterman and Sheppard [7] independently discovered and numerically computed this branch of solutions.
Although both groups of authors were pessimistic about analytical approximations, we are presently applying the method of matched asymptotic expansions to these solutions. Our analysis will be published in another place.
Solution Branches
The analytically-treatable coupled-mode solitons are but special cases. Each is the limit of a branch of soliton solutions. The rest of the branch can be computed numerically through the continuation method as explained in Sec. 5
below. The key idea is to vary a parameter in small steps using previouslycomputed solutions to initialize the Newton's iteration for the current parameter value. The analytical special cases are important because they are the initial points on each solution branch. Fig. 1 illustrates a solution branch emerging from the equal-frequency soliton for the same coefficients of the CNLS system as illustrated in Fig. 3 below. The branch terminates at β = 0.33263 where max |v| goes to zero and v becomes the Associated Legendre function, well-described by the "father-daughter" approximation explained above. As β is decreased from its initial value of one to β = 1/3, the u component changes very little so that all the curves for different β are almost superimposed on top of one another. This happens because the width of u is controlled primarily by the frequency parameter µ, which is fixed at one. The other component v becomes smaller and smaller and wider and wider as β decreases. Although we stopped the numerical calculation at β = 1/3, just short of the bifurcation point, Fig. 2 shows that the Legendre function, which for the lowest Legendre mode is just sech(µX) raised to the n-th power where n = 0.33263 for this set of CNLS coefficients, is a very good approximation to v for β = 1/3.
In the rest of this article, we shall restrict attention to the equal-frequency coupled-mode solitons. Stability analyses [18] [19] [20] suggest that the other species of solitary waves are easily disassociated. The equal-frequency solitary waves are merely one point on a branch of solutions, but it is when the solitary waves have equal width and frequency that they are likely to have the strongest and most varied interactions. However, we have reviewed several types of solitons to emphasize that the parameter space is so large, and the solitary waves so varied, that in a single article we can only hope to offer an interesting sample rather than an exhaustive discussion of soliton-soliton interactions for the CNLS system.
Stability and Cross-Modulation
The Nonlinear Schrödinger equation was so named because it is identical in form to the Schrödinger equation of quantum mechanics with the nonlinear terms playing the role of the potential energy. For the ordinary uncoupled NLS, solitons are possible only when the nonlinear coefficient σ has the same sign as the dispersion coefficient α because it is only then that the nonlinear self-interaction creates an attractive force or what in mechanics is called a "potential well" [14, 13] .
The cross-modulation terms are the glue that holds coupled-mode solitary waves together. It follows that such solitons are likely to be unstable unless the signs of the cross-modulation terms match those of the self-interaction terms. For geophysical applications, α 1 , α 2 > 0, and this in turn requires that for stable coupled-mode solitons, all the self-interaction coefficients and crossmodulation constants should be positive, too. Fig. 3 confirms this expectation, at least for equal-frequency solitary waves. Each case was perturbed only by roundoff error. When ν 12 , ν 21 > 0, the solitary wave is indeed stable, and the amplitude contours are straight lines paralle to the time axis. When both or even just one of the cross-modulation coefficients is negative, however, the solitary waves fission and separate into two singlemode solitons travelling independently in different modes at different speeds. The negative v has converted the influence of one soliton on that in the other mode into a "potential hill". For a few time units, the coupled-mode solitary wave manages to balance precariously on the top of this, but then the tiny perturbation pushes it away from the top, and the waves roll down the hill (metaphorically) and fission.
When both cross-modulation coefficients are positive, however, the coupledmode solitary wave is stable against even finite amplitude perturbations. Fig. 4 shows the fate of an initial state in which the solitons in different modes were displaced one nondimensional unit apart. The result of their mutual attraction is a stable bound state. However, the offset creates an oscillation, back and forth about the mean position of the peaks in the initial state, which continues indefinitely because the CNLS is non-dissipative. The contour plots at the top are wavy because of the oscillations. We shall these scallop-edged contour line patterns again and again in later figures because it is very common for solitonsoliton collisions to excite one or both of the emergent solitary waves into an oscillating state.
The lower left graph shows the spatial positions of the maxima in each mode as a functions of time, which is the vertical axis. The two modes oscillate in phase so that both the A 1 and A 2 are farthest from the spatial origin at the same time. The lower right graph shows as the peaks move from side to side, their amplitudes also fluctuate up and down at the same time, although through a rather small range.
The stability of coupled-mode solitons when both cross-modulation coefficients has been noted previously in the nonlinear optics literature. However, we have been unable to find a rigorous proof. It is possible, for example, that a coupledmode solitary wave might be stable if one cross-modulation were negative but very small and the other was large and positive, the strong attraction of one soliton for the other overcoming the weak repulsion of the second soliton for the first. However, no such examples are known to us. We shall therefore study only cases where both cross-modulation coefficients are positive in the remainder of this paper.
Numerical Methods
To study colliding solitary waves, we solved the CNLS system by using a Fourier pseudospectral method cobmined with fourth-order Runge-Kutta time integration as described in [3, 5, 12, 6] . We imposed periodic boundary conditions on a spatial domain that was sufficiently large so that the solitary waves were not affected by the boundaries. In most runs, 256 grid points in X were sufficient. The conservation laws
were used as a numerical check. (Parenthetically, note that Zakharov and Schulman [22] list two additional conservation laws, but these were not needed here.)
To solve the SCNLS system of two ODEs in X, we also employed a Fourier pseudospectral algorithm in X. This creates a system of nonlinear algebraic equations in which the Fourier coefficients are the unknowns. This system was solved by Newton's iteration. To initialize the iteration, we used two strategies [3] [4] [5] . First, the computation of a branch of solutions was begun using one of the analytical approximations described above, such as that for equal-frequency coupled-mode solitons. Second, continuation in a parameter was used to trace the rest of the branch. The parameter was decreased in small steps using the results from previous solutions to initialize the iteration for the current parameter value. Polynomial extrapolation using interpolating polynomials of degree up to four, fitted to previously computed solutions, generated excellent first guesses. Until five points on the branch had been computed, we used polynomials of lower degree to extrapolate the initial guess for the next point.
Collisions I: Single-Mode Soliton with Coupled-Mode Solitary Wave
To perform collision experiments, we need to use the Galilean invariance discussed earlier to write the solitary waves in their most general form, which allows for a non-zero translational velocity V . In this section, the initial condition is taken to be the sum of a single-mode soliton, arbitrarily chosen to be in A 1 plus an equal-frequency coupled-mode solitary wave. The initial condition is
where the initial separation X 0 = 10. The absolute velocities of the solitons is not important, although we choose equal and absolute velocities for convenience. The only significant velocity parameter is the relative velocity ∆V = 2α 1 ξ − V , which is specified in the captions. Since the CNLS solutions are indifferent to multiplication by exp(iΦ) for any constant Φ, it follows that we can choose one of the phases arbitrarily without loss of generality; we pick φ 3 = 0.
Unfortunately, we still have too many parameters to explore the parameter space completely. The cases illustrated in Figs. 5-7 are representative of our experiments. We find that the collisions are sensitive to both the initial phase and relative velocity of the interacting solitary waves. Fig 5 shows that the collisions are rather boring at low relative velocity: the two solitons reflect off each other elastically (that is, without loss of energy or change of shape); there are no after-effects except that the relative velocity of each soliton has changed sign (top pair of plots). At medium velocity, the single-mode soliton also elastically reflects, but coupled-mode soliton fissions as its two components in different modes travel at different velocities after the impact. The emerging soliton in A 2 has been greatly broadened and weakened by the collision and displays strong oscillations. At large relative velocity, we have what we have dubbed an "Exchange Reflection". The two incoming solitons in A 1 reflect elastically, but the part of the coupled-mode soliton in A 2 does not reflect at all, but instead propagates leftward as part of a new coupled-mode soliton whose A 1 part was originally the single-mode solitary wave.
When the phases of the coupled-mode soliton are changed to φ 1 = φ 2 = π/8 as in Fig 6 , the collisions show some similarities to the previous case: elastic reflection at low velocity, destruction of the coupled-mode soliton at medium velocity, and the propagation of a coupled-mode soliton in the same direction as before the collision at high velocity. However, there are some differences, too. At low velocity (top graphs), the reflected coupled-mode solitary wave is oscillating. At medium velocity, the reflected coupled-mode solitary does not fission. Instead, it becomes highly oscillatory in both modes; the A 2 part (right middle plot) continues to radiate away energy indefinitely. At high velocity, we have described the interaction in Table 1 as a "Crossing" rather than an "Exchange" because the interacting solitary waves merge into a single structure during the collision whereas in Fig. 5 , the contours of the interacting solitons always remain distinct and spatially separated so that the label "Crossing" seems inappropriate.
In Fig. 7 , φ 1 = φ 2 = 0. This is the boring case: nearly-elastic crossing at all relative velocities. The coupled-mode soliton oscillates after the collision; rapid oscillations at small relative velocity and slow oscillations after collisions at medium or large velocity. It is remarkable that we can pass from boring to a mix of fission and reflection just by altering the phases of the initial coupled-mode soliton.
Collisions II: Coupled-Mode Solitons
In this section, we explore the collision of one coupled-mode equal-frequency soliton with another by choosing where V 1 and V 2 are the differing velocities of the two solitary waves generated by these initial conditions. We have arbitrarily specified the phases of the first soliton to be zero and will vary the phases of the second coupled-mode solitary wave. state which does not propagate, but does show several oscillations before it splits into two coupled-mode solitons. These are noticeably oscillatory and have much higher relative velocities away from each other than the incoming solitons had towards each other. At higher relative velocity, the metastable intermediate disappears; indeed, the contours of |A 1 | never merge. The solitons reflect almost elastically from one another although the outgoing solitons do shown small-amplitude oscillations. No plot is shown for high relative velocity because it is very similar to that for intermediate ∆V . degree of overlap or interpenetration of the solitary waves at that time of closest approach would controlled primarily by relative velocity: at high velocity, the solitons would completely merge while in slow collisions, the solitons might reflect without ever strongly overlapping. Fig. 10 shows that this conjecture is false: the relative velocities are the same but the degree of overlap varies strongly between the three cases, all because of the variations in the phase of the second solitary wave. In the top graph, none of the contours of the solitary waves overlap at all. In the middle and lower graphs, however, the solitons temporarily form a single structure which fissions immediately into the reflected solitons.
The emerging solitary waves in the top case (φ 4 = φ 5 = π) show no visible oscillations. However, the emerging solitary waves in the other two graphs display visible internal oscillations -very strong for the bottom case. The latter pair of solitons also emerge with significantly larger relative velocities than the two incident solitary waves whereas the other two graphs show solitons whose velocities have been little altered, except for sign, by the collision. 
Concluding Remarks
Through cross-modulation, envelope wave packets in different modes, such as Rossby waves in different latitudinal or vertical modes of the atmosphere, can be coupled into coherent structures. We numerically show that whenbut only when -both cross-modulation coefficients are positive, the coupledmode solitary waves are stable to perturbations. When one or both coefficients are negative (relative to the signs of the corresponding dispersion coefficients α j ), the coupled-mode solitary wave is unstable to spontaneous fission into two independent solitary waves, one in each mode, of different velocities.
When the coupled-mode soliton collides with either a single-mode solitary wave or another coupled-mode soliton, the result is sensitive to both the initial phases and relative velocities of the colliding wave packets. Elastic reflection, fission-after-collision, exchange of components between the single-mode and coupled-mode solitary wave, death-by-slow-radiation, and strong post-collision oscillations are all observed.
In spite of the experiments given here and a large body of work in nonlinear optics, the full parameter space of the Coupled-NLS system is still unexplored. 
